.
Theorem. Let Q be a domain in the n-dimensional Euclidean space Rn. Assume that there exists a constant R, a cube Q and an open covering {Q;} of Q such that the diameter of Q; is not greater than R, and Q; is star-shaped with respect to a cube Q; congruent to Q. I n cases m>0, assume that for each point x in Q the number o f Q, containing x is not greater than a constant N.
Then there holds the imbedding: W" (Q)-> W k, 4,n-m(Q) i f l-n+ m-k 0, 1<p < q< oo and i f either one o f the conditions p q (i) p < q, m>0, (ii) k is not an integer, m=0, and (iii) m = n, is satisfied.
For functions f (x) on Q, we define f Lp,n-m(Q) ==sup I f (x1, .., t xm, x(m)) ULP(Q c(m))t where x(m' _ (xm+1t ..., x%) and ,~x(m) is the set of points (x1f ..., xm) such that (x1, ..., xm, x(m') e Q, and for f E C°°(Q)
0<a<1) Here the spaces W" 'n -m(Q) are defined as the completions of subsets of C°°(Q) consisting of functions f with I f <oo. W1,p = Wl,p,O~ C'= W',p,n.
In the following we assume that Q is bounded and is starshaped with respect to a cube. It is easy to extend the results for general domains.
Let Q be a bounded star-shaped domain with respect to a cube Q and choose cp(x) E C"°(R) such that 5c(x)dx =1 and cp(x) is identically equal to zero outside Q. For f (x) we have by Taylor's formula,
l al <l a lal=l o al Multiplying by cp(z) and integrating with respect to z, we have
lal<l where pa(z) is a linear combination of derivatives of cp(z). In the same way, we have
n where ~fr(x, z) = nco(z) ±~ (z; -x~) ~° (z). =1 az;
Our proof of the Theorem is based on these formulas and the following Lemma 1. Let Q be bounded and star-shaped with respect to Q. Set w = Q fl S where S is a (n -m)-dimensional subs pace o f Rn and let K(x, z) (x E S, z e Rn) be a Ch-function having support contained in S x Q. For any function f such that for any compact subset B in w, sup sup lf(x+t(z-x))! dz < oo xEB 0<t51 5 Q (for convenience, we will say that f (x) is of the class K(w) if f (x) has this property), we define
where 0 i(t) I < tl-1' 0 < T < 1, and 1>0. Assume that 2=1-n + --p -k >_ 0, h > k,1 < p < q < oo and assume further one o f the following q --conditions:
(i) p < q, r>0, and (ii) k is not an integer, k<1, r=0, (iii) 2>0. Then F(x) I wk,q,n-m-r(.)) = CTS I f IILP(Q) (3 ) holds for any f e L(Q) fl K(w), where C is a constant independent of f and T.
Proof of the Theorem. Note that the theorem is proved by showing the estimate i f lIwkqn_mcj ,,C l I f l Wl,x(Q) (foy any f E C"(Q) (1 W" CQ).
If l is an integer, then we have this estimate by (1) and Lemma 1. Next consider the case in which 0 < k < l < 1. The first term on the right side of (2) can be written in the form for any a with a I = [l] . Therefore, the theorem is proved in this case also. Choosing a suitable r, and considering two imbeddings W'-> W tl>>r and W'-C~r~ Wk,q,n-m, we can prove the theorem in general cases.
To prove Lemma 1 we will use the following. Lemma 2. Let Q, w, fi(t), Q, T be as in Lemma 1. Assume that n r Proof. We may suppose that S= {(x', 0) I x' e Rn-m}. By Holder's inequality we have lIp f (x + t(z -x)) dz < C1 dz' I f (x' + t(z' -x'), tz") J' dz"
C1t-p 9(x1 + t(z' -where Q' = S fl Q, Qx' = {x" I (x', x") e Q}, Qx, = {x" (x', x") e Q} and 9(x') =11 f (x', x") I Lpc~x,). Thus it is sufficient to consider the case where m = 0 and w = Q. Case (i). We may suppose that 2 = 0, T=1, and fi(t) = t1-1, By Holder's inequality we have
C1t_n pr 9(x1 + t(z1-where z = (z', z"), z' e R r, z" e R n-r, and g(x') = I I f (x', x") HLP(Q ,)' x Theref ore, it is sufficient to consider the case r = n.
Put u = x + t(z -x), s = I x -z , then we have It is sufficient to consider two cases; (a) r = n, p = q, and (b) r =0. By Holder's inequality we have
C1 tl--1 dt HfHLPQ)' (0 so that the estimate is verified in case (b). Finally consider case (a). By virtue of Holder's inequality and Jessen's inequality, we have
Thus we have the estimate (4) in this case. Proof of Lemma 1, We may suppose that S = {(x, 0) x e R m} and i(t) = tz -1. The estimate F Lq,n-m-r(W) CT L I I f LP(Q) is an immediate consequence of Lemma 2, so that Lemma 1 is proved when k=0.
Case 0 < k < 1, r > 0. Set
G(x, y) = t1-1dt {f(x + t(z -x))K(x, z) -f (y + t(z -y))K(y, z)}dz . tzlx-yl Then we have I F(x) -F(y) IC0{F(x, y) + F(y, x)} + G(x, y).
(5) It is easily checked that
Iy~ IX y where y = (y', y"), y' e R r, and w(y") = {y' (y', y") E w}, It follows from this estimate and Lemma 2 that
Lq,2(n-m-r)(wx )
Now consider G(x, y). By the identity f (y + t(z -y))K(y, z)dz = f (x + t(z -x))K y, z + 1-t (x -y) dz t and the inequality _ k+e
and 0<<1-k, h -k, we have G(x, y) < C1H(x, y) + H(y, x) where H(x, y) = tl-k-i x -y I k+E~(t, x)dt. tzlx-yl By Jessen's inequality we have H(x, y)( dye it q cu(y") x-y Ir+kq
Therefore, by Lemma 2 we have
L (~) It follows from (5), (6), and (7) [2]
